It is shown that, if a non-linear locally finite simple group is a union of finite simple groups, then the centralizer of every element of odd order has a series of finite length with factors which are either locally solvable or non-abelian simple. Moreover, at least one of the factors is non-linear simple. This is also extended to abelian subgroup of odd orders.
Introduction
This article is concerned with the following two problems.
(1) Is it the case that in a non-linear locally finite simple group (LFS-group) the centralizer of every finite subgroup is infinite?
(2) Does the centralizer of every finite subgroup in a non-linear LFS-group involve an infinite non-linear simple group?
Theorem 1. Let G be a non-linear LFS-group such that every finite set of elements of G lies in a finite simple subgroup, and x be an element of odd order t in G. Then C G (x) has a series of finite length such that each factor is either locally solvable or non-abelian simple. Furthermore, at least one of the factors is a non-linear simple group.
As is discussed in more detail in [5] , the centralizer of an element in a locally finite simple group is not necessarily of the above form because in Meierfrankenfeld groups of VDA type the centralizer of every element is residually finite and involves an infinite simple group. If the centralizer of an element is residually finite and has the structure as in the above theorem, then it cannot involve an infinite simple group. See [11, Lemma 4.1] .
Throughout this work, the only linear algebraic groups of classical type that we shall consider will be over fields of odd characteristic. We make this assumption because we use the results of [12, Chapter IV] on centralizers of unipotent elements in classical groups and these are valid only in good characteristic case. One of the major simplifications of this assumption arises because of the following theorem:
If G is a semisimple simply connected group with char K good for G, then there is a bijective homeomorphism f between the set U of unipotent elements in G and the set V of the nilpotent elements of the Lie algebra of G. Moreover, f commutes with the action of GonU and V [13] .
This theorem reduces the study of the centralizer of a unipotent element in G to the study of the centralizer of a nilpotent element in the Lie algebra of G.
The case charfe = 2 might need a special treatment which we have not attempted. We extend some of our results in [8] and [10] to more general groups. For this, we give some definitions. For the notation and definitions, see [8] and [10] . (ii) If G is an alternating group, then every abelian subgroup is of a-type.
In particular every abelian group of odd order in a classical group with cyclic unipotent part is an a-type group.
Let G be a countable simple LFS-group and K be a Kegel sequence of G. A finite abelian group F in G is called a K-nice group if F is a nice group in almost all Kegel components of the Kegel sequence K of G.
Both questions in the introduction are answered affirmatively in [10] for the centralizer of a finite K-nice K semisimple abelian subgroup in a non-linear LFSgroup. Here we extend the results of [10] to centralizers of a-type subgroups. 
Proof of the results

Lemma 1 [8]. (i) The classes T n are closed under taking normal subgroups and quotients.
(ii) IfM<\G,MeT m and G/M e T n , then G e T m+n .
Lemma 2. Let G be a linear algebraic group and x be an element of G fixed by the Frobenius automorphism a of G and assume that G/G° is solvable. Then
Proof. For (Cco(x))" = (C G (x))" n G°, and so (C G (x)y/(Ccfi(x)y is isomorphic to a subgroup of the solvable group G/G°. Hence Lemma 1 gives the result.
Lemma 3. Let G be a linear algebraic group and a be a Frobenius automorphism of G, and N be a a-invariant locally finite subgroup of G contained in the centre. Let x be any a-invariant element ofG. Then {C G {x))°eT n iff {C c/K (x)y e T m i.e. the number of non-abelian simple factors in a series of (C G (x))° and (C G/N (x))
a do not change.
Proof. Let (C G/N (x)Y = C/N = {gN e G/N | g-'g° e N and \g, x) e N).
By using the fact that N is in the centre, it is easy to see that (C G (x))
ff <] C. Now we claim that C/(C G (x)) ff is abelian. Indeed for any h, g e C g-
Now using Witt's identity and the fact that N < Z{G) we get [[g, h], x] -e.
This implies, by Lemma 1, that the number of non-abelian simple factors in a series of C and in a series of C G (x)' are equal as C/N e T n iff C e 7^.
Proof of Theorem 3. It is well known that G -ZG'
where G' is the commutator subgroup of G and Z is a central torus. G is a connected semisimple linear algebraic group and Z is a //-group. Hence the unipotent element x e G is contained in the semisimple part G'. Then we get C G (x) = ZC(y(x). The group Z is a connected tr-invariant central subgroup of G and C ff (x) is a tx-invariant subgroup of G'. Then (C c (x))* = (ZC ff (x))'.
(Cc,(x)) ff = (C G (x))" n G'. Then (C c (x))7(C G ,(x)y is isomorphic to a subgroup of the abelian group G/G'. Since we are interested in the number of non-abelian simple factors of the series of (C G (x)) ff , by Lemma 1 it is enough to find the number of nonabelian simple factors of (C G ,(x))°.
The group G' is a connected semisimple linear algebraic group. Hence G' can be written as a central product of say v simple linear algebraic groups. By assumption all simple components of G' are of classical type. Let G' = G,... By the Krull Schmidt theorem ff(GjZ) = GjZ, then by taking the derived group we see that 
i=l i=l
Now as in the case of GL n we have (C G (x)) 0 = (RC)" = R"C and it is enough to find the number of non-abelian composition factors of a series of (C) ff . Since the number of direct factors is less than or equal to p m and each direct factor gives at most one non-abelian simple factor to (C) ff (in case r, > 2) we get C e T^. Observe that the simple factors might be the twisted types of the given groups. We need to find
where F u = < x > . In order to find the number of non-abelian simple factors in a series of (C Cc(fi) (x)) 17 , by Lemma 2 it is enough to find the number of non-abelian simple factors in a series of (C Cc(fj) o (*))". Since C G (F S )° is a connected reductive linear algebraic group and x is a unipotent element of C G (F S )° we have by Theorem 3 (C Cc (F]) o(x) ) ff e Tpm / (n) where / is a function from natural numbers to natural numbers independent of the group X (see [10, Theorem 3] ). One can see that the number of simple components of the semisimple part of C C (F S )° is/(n) from [10, Theorem 3] . Hence
{x). Hence by Lemma 1
Remark. Let G be a simple linear algebraic group of classical type over a field of odd characteristic p and F be an abelian subgroup of G with cyclic unipotent part F u and semisimple part F s . Let F u = <x> and \F U \ -p m . Assume that G has rank /. Let r be a given integer. To see that when / is sufficiently large (C C (F))" involves simple classical groups of rank greater than or equal to r, we need to spell out some of the facts from [12, Chapter IV] . In fact by [10, Theorem 3] if \F\ = np m where \F,\ = n (n,p) -1, then we have C G (F,) e 7} (n) . So it is enough to say that at least one of the numbers r, in the Theorem 3 is greater than or equal to r. The numbers r,'s arise in the following way. (See [12, Chapter IV\.) For simplicity we describe it when G = GL. Let V be a vector space over a field k of dimension n and x be a nilpotent linear transformation on V such that Proof of Theorem 1. Let n be the set of prime divisors of t. By using the classification of the finite simple groups we may assume that every finite subgroup of G is contained either in an alternating group or in one of the families A, B,. .. , 2 G 2 . Since the number of families is finite one can show that there exists a fixed family such that every finite subset of G is contained in a simple group of fixed type.
The alternating case, for an arbitrary element is done in [8, Lemma 2.5] . If every finite subgroup is contained in a linear group with bounded rank parameter, then by [7] , [2] and [15] the group should be linear. But we assumed that G is non-linear, hence every finite subgroup of G should be contained in a classical group of fixed type with unbounded rank parameter.
If there exists a prime p such that every finite subset of G is contained in a finite classical group of fixed type over a field of characteristic p, then we have either p / 1 or P i t . If no such prime p exists, then for each prime q in n there is a finite subset of G that is not contained in the above type group over a field of characteristic q and hence there is a finite subset F and G containing x such that x is a semisimple element in every group containing F. Hence every finite set of elements of C c (x) lies in a subgroup of the form C H (x) where H is as in the above form and x is a semisimple element in H. Again by [8 By the remark after the proof of Theorem 4 C Gi (F) involves alternating groups of unbounded orders and C a [F) has a series of finite length in which each factor is either non-abelian simple or locally solvable, one of the factors of the series of C G (F) must be non-linear.
